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Ward-Takahashi identity with an external field in ladder QED
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We derive the Ward-Takahashi identity obeyed by the fermion-antifermion-gauge boson vertex in ladder
QED in the presence of a constant magnetic field. The general structure in momentum space of the fermion
mass operator with an external electromagnetic field is discussed. Using it we find solutions of the ladder WT
identity with a magnetic field. The consistency of our results with the solutions of the corresponding
Schwinger-Dyson equation ensures the gauge invariance of the magnetic-field-induced chiral symmetry break-
ing recently found in ladder QE)S0556-282(198)04116-2
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I. INTRODUCTION sition to explain the observed galactic fields. Notwithstand-
ing the possible existence of such large seed fields, it has
Recently, the problem of finding a mechanism to generatdeen argue@B,13] that they are too small to make MCSB an
galactic magnetic fields has undergone a boost of attentioiomportant effect during the electroweak phase transition.
[1-3]. The interest has been motivated by the experimentalhis conclusion was drawn from the study of MCSB in QED
observation in our own, as well as in other galaxies, of magat finite temperature. Nevertheless, in recent calculations of
netic fields of about 10° G on scales of the order of 100 the catalysis of chiral symmetry breaking in an Abelian
kpc. The connection between the direction of the observedauge model with Yukawa term@vhich is a model with
galactic magnetic fields and the rotation axis of the galaxymany of the attributes of the fermion sector of the elec-
suggests that they have been produced by a dynamo effect, iroweak theory, it has been foun@l18] that the critical mag-
which a small seed magnetic field is amplified by the turbunetic field, required for this effect to be important at the
lent motion of matter during galaxy formati¢d]. This fact electroweak scale, can be substantially decreased by a
leads to the problem of the generation of seed primordia¥ukawa coupling of the order of the one corresponding to
fields, which has been addressed in many papérs3], the top quark. From our point of view, these results indicate
where a large number of different generating mechanismthat the problem of the influence of MCSB in the elec-
have been proposed. troweak transition is still open and deserves more investiga-
Parallel to these investigations, and perhaps partially motion.
tivated by them, several fundamental studies on the effects The catalysis of chiral symmetry breaking by a magnetic
produced by magnetic fields in quantum field theoffes16]  field has been found in a variety of theories such as Nambu—
have been recently carried out. We would like to refer to alona-Lasinio[6,10,19, QED [6-11], and QCD [12,1§.
particularly interesting effect of a magnetic background,These studies have been done using a Bethe-Sal(Sr
known as the catalysis of chiral symmetry breaking due to &6] or a Schwinger-DysofSD) approaci7-9], at zerd6,7]
magnetic (chromomagnetic, hypermagnetifield. The es- and at finite[8,13] temperature, as well as in QED at finite
sence of this effect lies in the dimensional reduction in thedensity[9] (i.e., in the presence of a chemical potentiah
dynamics of fermion pairing in the presence of a magnetiall cases the dynamical mass was the result of a nonpertur-
field [6]. Because of such a dimensional reduction, the magbative calculation defined by the ladder and/or improved lad-
netic field catalyzes the generation of a fermion condensateer approximations.
and, consequently, of a dynamical fermion mass, even in the We must recall, however, that the so-called ladder or rain-
weakest attractive interaction between fermions. bow approximation is not gauge invariaft9]. One may
An important aspect of magnetic-field-induced chiralwonder, then, whether the magnetic-field-induced chiral
symmetry breakingMCSB) is related to its possible cosmo- mass is for real or just an artifact of the approximation used.
logical consequences. It has been speculg6dthat the Indeed this question is not new. In the absence of any
character of electroweak phase transitions could be affecteskternal field, a similar probleif20] is present in the strong
by MCSB. The existence of a broken chiral symmetry phaseoupling regime of QED, where the critical coupling for chi-
due to a magnetic field in the early universe would requireral symmetry breaking, found by solving the SpPr the
the presence of very large primordial magnetic fields at thos8ethe-Salpetgrequation for the fermion propagator in the
stages. ladder approximation, is gauge dependdr®]. The solution
As mentioned above, the existence of primordial magnetid¢o this problem was obtained by investigating the Ward-
fields in the early universe cannot be disregarded, but on th€kahashi(WT) identities in the ladder approximation. As
contrary, it seems to be needed to explain the observed largknown, if the WT identities are satisfied by solution of the
scale galactic magnetic fields. Several primordial-field-SD equations in some approximation in a certain gauge, one
generating mechanisms predict fields as large & Gur-  can use the gauge transformation law for the Green’s func-
ing the electroweak phase transitions. Moreover, Almbjo tions[21] to rewrite the SD equations in an arbitrary gauge.
and Oleser{17] have claimed that seed fields even larger,The transformation law guarantees that the WT identities are
~10* G, would be necessary at the electroweak phase trarsatisfied by solutions of the SD equations in all other gauges,
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although the approximation on which the SD equations arevherel is the generating functional for proper vertices, and
solved may change. As it turns out, the gauge invariance ahe zero in[* means that all average fields, but the magnetic
the critical coupling found in ladder QE[19] is ensured by field, are set to zero. The existence of the external magnetic
the consistency of the WT identity with the SD solution, field is manifested in the modification of the fermion propa-
taken in the same ladder approximation in the Landau gauge@ator as discussed below.

When a magnetic field is present, one can follow a similar The solutions of Eq(1) depend on the approximation
strategy to prove the gauge invariance of the magnetic-fieldused for the vertex and the inverse propagator. As discussed
induced chiral mass obtained in ladder QED. This program i$n the Introduction, we are interested in the study of the
far from trivial though. On the one hand, the fermion identity (1) in the same approximation used in R€f.8] to
Green'’s function cannot be diagonalized in momentum coorsolve the SD equation for the fermion propagator. Therefore,
dinates by a Fourier transform. To diagonalize it, one mustve need to use the so-called rainbow or ladder approxima-
work in the representation of the eigenfunctions of the fer+tion, in which the vertex is taken as bare,
mion mass operatd22,23. On the other hand, the magnetic
field provides the theory with an extra tengey, , making 5°I'(0) 5 @
the structure of the fermion mass operator much richer 5T () 0 (y) 5AM 2) =-esY(x-2)8"(y-2)y,,

[22,24). The new structural terms modify the WT identities y @)
of the theory, which now involve a larger number of scalar

coefficients(the scalar coefficients of the different indepen- 54 the fermion inverse propagator is taken as (fdinoted

dent structures of the mass operator by a bar overS™1),
The main goal of the present paper is to establish the
gauge invariance of the magnetic-field-induced chiral mass 52I'(0) o
found in ladder QED, taking into account the above- ————=S"(x,y). 3)
mentioned features of the theory in the presence of a mag- oV (x) oW (y)

netic field. With this aim, we study the ladder WT identity _ . o .
for the fermion-antifermion-gauge boson vertex in the pres- In this nonperturbative approximation the WT identity
ence of a magnetic field. Recalling that the consistency of th@ecomes
WT and SD solutions should be established within the same i (4) @
approximation, we solve the ladder WT identity in the lowest — 4 [689(x=2) 6 (y=2)v,]
Landau level(LLL). As shown below, the solutions of the . — . —
WT and SD equations are indeed compatible in the Feynman =i6W(y=2)S Hxy) —i 8D (x=2)SH(xy).
gauge within this approximation. (4)
The plan of the paper is the following. In Sec. I, we derive

the momentum representation of the WT identity for ladder We are interested in the momentum representation of this
QED in a magnetic field. To solve the identity, we need toidentity. Usually, the transformation to a momentum repre-
use the fermion mass propagator, whose structure in theentation can be done by Fourier transforming @y In the
p-space is discussed in Sec. Il. The WT solution is finallypresence of an external background field, however, the Fou-
found in Sec. Il for fermions in the LLL. As we discuss rier transform of the fermion Green’s functions is not diag-
there, it is satisfied by the solution, obtained in RE?s8], of  onal in p space. Fortunately, in the case of a constant uni-
the corresponding SD equation within the same approximaform magnetic field H, the fermion propagator, and hence its
tion. Hence, the gauge invariance of the chiral mass isnverse, can bg-diagonalized by working in the so-called
proved. In Sec. IV we give the conclusions. E, representatiof23].

The E, representation, introduced by Riti23] in his

studies of QED with external electromagnetic fields, is based
Il. WARD-TAKAHASHI IDENTITY IN LADDER QED on the eigenfunctions of the operatoy-{1)%

WITH AN EXTERNAL MAGNETIC FIELD

Let us derive the WT identity in momentum space for the (7124, =p?tp . 5
fermion-antifermion-gauge boson vertex in QED in the pres- , .
ence of a constant magnetic field. In coordinate representdne operator {-1I)° commutes with the mass operator.

tion the WT identity looks the same as in the case without d1€nce, it is convenient to work with the mass operator ex-
magnetic field: pressed in the representation defined by these eigenfunctions.

In the chiral representation in whichs and 3 3=iy'y?
are diagonal with eigenvaluesl, the eigenfunctiong, are

, 5% (0) 4 5°T'(0) given by
Sy 0 YT ety
X z X _
Yo g Vo =Epo )0, =N(m)e P22 059D (), (6)
) 5°T'(0)
—iedV(xX=2) —————, wherew, are the proper bispinors af; and2 3, D,(p) are
¥ (x)o¥(y) parabolic cylinder functions[25] with argument p
(1) =+2|eH|(x;—p,/eH) and positive integer index:
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1 8W(x—y)ePgry, =S I(x,y) - TS (x,y).

g
n=n(k,cr)=k+m—§, n=0,12... . (7

(14

N(n)=(477|eH|)1’4/\/H is a normalization factor. Herg If one now multiplies Eq.(14) by the left byEp(x), inte-
represents the sepg,p, ps.k), which determines the eigen- grates inx, and then multiplies it by the right bl (y), and

value p2= —p3+p3+2|eH|k in Eq. (5). integrates iry, it takes the form
The E, representation is obtained forming the eigenfunc-
tion matrices(see Refs[7,8,23 for detail9 f d*x€9E () g4y, E(X)
= | d*d*y(elW—e)E (x)S L(X,y)E (). 15
Ep(x):E Ep(,.(X)A(O'), (8) f y( ) p( ) (X,Y)E((x) (15
Using the properties of th&, functions, the integration
on the left-hand sidéLHS) of the identity(15) can be done
where [7,8] to obtain

A(U):diaq501150—11601!50—1)! o==*1. (9) f d4xeinEp(X)nyﬂEr(X)

. ~2
] ) =(2 45(3) r+aq— elql(r2+p2)/2eHefq 12
It is easy to check that thg, functions are orthonormal, (2m) (r+a-p) 3

1 ) R
X 2 e' Sgr(EH)(np_nr)‘p‘annr(qL)qu'uy,uAr .

fd“E E 7ot Nt
XEp (X)Ep(X) (16
=(2m)*5“(p—p") In Eq. (16) we used the following notation:
E(277-)45kk’ o Po— p(’)) o( P2— pé) o P3— pé)v min(ny ,ny) In
oG S ny!n;!
(10 npn, (AL)= m=o mi(ny—m)!(n,—m)!
<Ti H A INptn,—2m
as well as complete: [isgreta, ' '
_ " &3 (r+9—p)=8(ro+do—Po) 8(r2+ Az~ Pa)
dpodp,dpsE E =(2 -Yy).
> f Pod P2d PSER () Ep(y) = (2m) 48 (x—y) X 8(r 4 Ga— Do),
(11)
o Ap=A(op), n=n(k,,0p),
Here we usedE,(x) = y°E}y°.
They also satisfy two important relations Ar=A(oy), n=n(k o), 17)
y-TIE ()= Ep(X)V-E (12 along with the dimensionless variables
- ~ _ qu\2]eH|
f A M (X,X")Ep(X)=Ep(X)Z a(P)- (13 %E’}T, #=0,1,2.3, (18

M(x,x') is the matrix element of the mass operator in coor-and their corresponding polar coordinates
dinate representation. Equati@h3) is then the eigenvalue
. =~ . . N — /A2 A2 — °OIA
equation for the mass operator, wiih(p) being the eigen- q.=Vqi+ds; e=arctarid,/dy). (19
value matrix of the mass operator in momentum space. No-
tice that the eigenvalue matri¥,(p) is evaluated inp
= (po,0,— sgneH) v2[eH[kp, p3).
Let us transform Eq4) to momentum space. First, note
that in Eq.(4) the fermion inverse propagators do not depend

Introducing now the function

o, (1,0,P)=(2m) 8% +q— p)el (12" Po2ebg a2
p''r

on z. Therefore, the transformation to momentum coordi- > 1 gl sareH)(np—npe 3 (a ), (20)
nates for the variable can be done with the usual Fourier \/np!nr! Mpne L7
transform. Multiplying Eq.(4) by €'9% and integrating inz

one finds it is possible to express E¢L6) in a more compact way:
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f d'xePE(X)q" y,Er(X) SHWy=2 f dpodPodpsEp(X)L v P+ Za(P)IER(Y),
' (22
=2 Dna(1,0,PA70",.  (2D)

("p(fr P

One can work in a similar way with the right-hand side of where (p) is the eigenvalue matrix of the mass operator
Eq. (15) in order to express it also in terms of tifefunction  introduced in Eq(13).
(20). With that aim, let us recall that tt, transform[23] of ‘Substituting Eqs(21) and (22) back in Eq.(15), we ob-
the inverse fermion propagator satisfies tain

S By 0 (1,0,P)AyY, 0“0 = f d4xd4y<eiqy—e“”>€p<x>[2 f dpodpadPiEy (N[ - P+ Sa(P)Ep (¥) | Er(Y).
OOy K’
23

There are two different types of integrals in space coordinates on the right-hand side (@8Ed@ne involves only the
product of twoE, functions, and so it is solved using the orthonormality relatib®. The other integral is of the form

f d4xeiqup(X)Ep,(X) —(2m*sd(p’+q— p)eiql(pé+ p2)/2eHg % /2 S

ei sgr{eH)(np—npr)<pJ A A A,
Pt /—np!np/! npnpy(qj_) p=p

=2 Do (PGP, (24)

O'pO'p’
Integrating inx andy in Eqg. (23) and using Eqs(10) and (24), we obtain

> <I>npnr<r,q,p>Apmq#Ar=Ef dpsdp;dpé[<2w>43<4><p—p'>[7~5'+2A<H'>]E <1>np,,n,(r,q,p'>ApfAr]
(l'p()'r kl

(rp/lrr
-2 dpédpédpé[(Zw)4$<4>(p’—r)E ¢npnp,<p',q,p)ApApr[7-H’+iA<E')]].
K’ TpTp’
(25)

Thanks to the delta functions, the evaluation of the integrafy iand the sum irk’ in the identity(25) is straightforward.
Thus,

2 Do (18P AY AN = 2 Dy (1,0,0)8, ALy P+ Sa(P) 1A= Aply T3]}, (26)
(Tp(fr (Tp(Tr
|
where we used Using the above equations, and recalling that the function
@, , contains a tridimensional delta functios®(r+q
A(e)A(0")=6,,A(0). (27) ¢

—p), one can eliminate the term proportional;t‘P q, with a
similar term proportional tOyH~(p”—r”) on the RHS of Eq.

(26). Then, the final expression in momentum space of the
Ayf=y'A  with yﬂ‘z(yo,0,0,y?’), (28)  WT identity in ladder QED with an external magnetic field
becomes

The matricesA (o) satisfy the commutation relations

Ay*=y*(1—A) with y*=(0,5%,920). (29

> ©nn (1,a.p{(y,-9)A(1-5, )

Therefore, the matrix structure on the LHS of E26) can TP
be written as - — —
—[y,-(p,+T )Ap—y, T

1

]50'p0'r

A Y qMAr:(y -q )Ar(1_500)+(7'q)Ar5(r g, =~ ~ —
pYu L p7r (] P r(30) —[EA(p)Ap—ArEA(r)]ﬁgp(,r}=O. (3D
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It is evident that Eq(31) is showing already some char- gy cture ofS ,. Note that the structurey- (Fp) is absent
acteristic signs of the theory in the presence of a magnetig,y, Eq. (33), since it violates charge conjugation:
field. For instance, one can notice a separation between

parallel- and perpendicular-to-the-field variables. It also con- CAOS* (p F)OC 1=3 —E 3

tains extra structureike those formed by the products of VERPF)y 2a(p=F). S
matrices times the matrice)s), which are not present in the In Egs.(33)—(36) the coefficient, Z’, A, T, T’, m, and
case without an external field. Unless the structure of ther are functions of the magnitudes of the momentum and the

mass operator eigenvalue matbx is specified, we cannot external field strength.

find the solution of this WT identity. In the next section, we  For a constant magnetic background field, the last term of
= Eqg. (33) vanishes. If we assume that the magnetic field is

along the three-axis, the only nonzero componer pf is
F,,=H. Then the mass operat3) can be written as

discuss the invariant structure &f, in the presence of a
constant magnetic field.

Ill. MASS OPERATOR STRUCTURE SA(p.F)=iz)y- P +iZ y-p +ml+2eHS

The structure of the fermion mass operator can be found
on very general grounds. Since the mass operator must be a
y-matrix-based scalar function, it can be represented as R
sum of Lorentz contractions between the tensorial structures

+iAeH23y~pH, (39

here we used the following definitions and equations:

that can be formed using the available vectors and tensors of Z=2, (39
the theory, and the elements of the Clifford algebra gener-
ated by the Dirac matrices and their products. The possible Z =7Z-27'e%H?, (40)
contractions are restricted, however, by the invariances of *
QED. That is, the mass operator must be invariant under S=(T-T'p?), (41)
Lorentz, C, P, and T transformations. +

In QED, because the only tensorial structure available is S o= ol2=iyly?, (42)

the vector momentunp,,, the above requirements lead to

the familiar structure ¥599=3 43, (43)
X(p)=Zy-p+ml. (32 Yy =257". (44
Here Z and m are functions of the magnitude @f. Their It is timely to recall that our goal in this section is to find

values depend on the approximation used to calcdate the structure of the elgenvilue matrix of the mass operator in

When a constant external electromagnetic field is presentnomentum coordinateS (), as defined in Eq(13); so we
in addition to the momenturp,,, the theory contains the can use it later to solve the WT identi(g1). From the dis-
field strengthF ,,. Then, in the presence of an electromag-cussion leading to Ed39), it is obvious that the structure of

netic field, the general structure of the mass operator bes A(p) will be given by Eq.(38) with p substituted bﬁ
comes[22,24

. B ) . SA(P)=iZ)(p.F)y-py+iZ (p.F)y-p, +m(p,F)l
Sa(p,F)=iy-V+ml+o TM,,-H)/S)/ A#-l-RySFWF ,

(33 +2eHYp,F)S3+iA(p,F)eHS3y-p). (45
where, besides the new term with the pseudosdafgF"”, Note the separation between parallel and perpendicular
we have now contractions with a vectdy,, a pseudovector variables, typical of the theory in the presence of a magnetic
A, . and atensof ,,, given, respectively, by field. Because of this separation, we have &vooefficients,

- , Z| anle, compared to only one in the case with no mag-
Vu=2Zp,+tZ'eF,,F"p,, (349 netic field. Another physically expected new term is the one
related to the spin-field interactidithe fourth term in Eq.
AMZAEFprV’ (35 (45)]. The interpretation of the new term with coefficigkts
less transparent. However, as we show below, the ladder WT
T,,=TeF,+T'e(p,F,,—p.F.)p,- (36)  identity requires theA coefficient to be zero, although it

o . allows a solution on which the spin-field interaction term is
It can be checked that E33) satisfies all the required present.

invariances of the mass operator in QED. It should be

pointed out, however, that the second term in 3§ was IV. SOLUTIONS OF THE LADDER WT IDENTITY

not considered in Ref22]. This term was introduced for the IN AN EXTERNAL MAGNETIC EIELD

first time in Ref.[24], since the structure it generates when

contracted witho*” satisfies all the invariance requirements, To find the solution of the WT identit{31), we just need
and therefore, there is no reason to leave it out of the gener&b substitute the mass operatdb) in Eq. (31), and then find
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the values of the coefficients that solve the WT identity. Asmately satisfied if the mass operator is finite in any region of
discussed in the Introduction, we are interested in determing,q argument;and? This last assumption, although rather
ing if the solutions of the ladder SD equation for the fermionrestrictive, is in agreement with the results of Hong, Kim,
propagator{7,8] satisfy the WT identity when this one is 4nq sin[10] for the behavior of the mass operator in the

taken_ in the same approximation. ) o infrared and ultraviolet regions.
With that aim, let us express the WT identity in a more

convenient way, before making explicit use of E@5).
First, note that the functiorﬂ)npnr(r,q,p), which appears annr(qi) appearing in the definition obnpnr, Eq. (20), as

multiplying all the terms in the WT identit{81), contains an
"2
: —qfr2 T N
exponennal_ factore™9.'“ [see the d§f|n|t|or1 ofbnpnr, Eq. annr(ql)gnp! 5npn, (46)
(20)]. Notice also that the dimensionless variable

qf is related to the perpendicular momentum of
the photon and is not linked to the arguments

For smaII(A:h, one can approximatg7,8] the function

to obtain

= (P00~ sareH) V2[eHk;,ps) Do, (1,0,P)
. "2
and ) =(2m)*6@) (1 +q—p)ehiz P d2s,
1= (10,0, sgrieH) V2eHlk. ) 9

of the massigperator in E(BY). For largeq, the exponential Substituting Eq.(47) in the WT identity (31), it can be
function e 91”2 ensures that the identity is always approxi- written as

E 5kp+[sgr(eH)/2]op,kr+[sgr(eH)/2]a-r(7L'qL)Ar

O'p(Tr

=> Sero, Ok, + [sarteH) /2]y ok, +sanery2o { (¥ A ATy (P T JAp=(y -1 )+2a(P)Ap—AZAN} (48)

(Tp(Tr

where we cancelled out the common functions in both sides. If we sum on the RHS of Eq(48), and renamer, as o,
we find

E 5kp+[sgr‘(eH)/2]<rp K +[sgrieH)/2] o’r( ')’L : qi)Ar

O'pU'r
=2 6 {(7,-0)A@) +y,-(p, 4T JA(@) = (7,1 )+ ZA(P)A(@) = A(0) S a1} (49)

Summing now in allo variables, and using the relatiah(1)+A(—1)=1, it is straightforwardly found that the WT
identity reduces to

('}’i : qi)[akp,kr-#sgr{eH)A(l)"' é\kp ,kr—sgr(eH)A(_ 1]
=5 {iZy(p.F)y-py=iZ(r,F)y- 1 +i[Z, (p,F)=Z (1, F)]y-p_+[m(p,F)—m(r,F)]

+2eH[S(p,F)— S(r,F) IS5 +iA(p,F)eHS 3y- p —iA(r,F)eHS -1} . (50)

In Eq. (50) we already substituted the mass operators appeabecause of this term there are no self-consistent solutions of

ing in Eq.(49) by their explicit expressions according to Eq. the ladder WT identity. Fortunately, we have not yet consid-

(45), and used thau? =r in all terms multiplied by ered all the restrictions of the approximation used in the cal-

s o4 culation of the ladder SD solution¥,8]. To work in the

Koky same approximation, we need to constrain the fermions to
The origin of the term on the LHS of Eq50) can be the LLL. This means that we must evaluate E§0) in Kk

traced to theg,, transform of the vertex. We might think that =k, =0.
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Therefore, for fermions in the LLL, the WT identity is invariance of the magnetic-field-induced chiral mass in a

simply equivalent to non-Abelian case, one would need to do a similar study on
— — — — the consistency of the SD solution with the solution of the
iZ(p,F)y-p;+m(p,F)l+2eHSp,F)>; correspondent WT identity. However, the WT identity in this

= — case must be substituted by the Slavnov-Taylor identity for
+iA(p,F)eHZ3y-pj the fermion-antifermion-gluon vertex taken in the same non-

= — — — perturbative approximation on which the SD equation is
=iZy(r,F)y-r)+m(r,F)l +2eHSr,F)%; solved. The main difficulty in this case is that the Slavnov-

= — Taylor identity has not been extended beyond a perturbative

+iA(r,F)eHZzy-1y. (51 analysis.

Note that in this approximatimZL disappears from the
WT identity. The identity(51) is satisfied if

V. CONCLUSIONS

In this paper we have studied the WT identity for the

Z)(p,F)=2(r,F)=0, (52)  fermion-antifermion-gauge boson vertex in massless QED in
_ — the presence of a constant magnetic field. The fermion
m(p,F)=m(r,F), (53 Green’s functions were considered exact in the external field,
— — while the quantum effects were calculated within the ladder
S(p,F)=S(r,F), (54)  approximation, i.e., taking the bare vertex and the free pho-
— — ton propagator, but the full electron propagator. To find the
A(p,F)=A(r,F)=0. (39 WT identity in p-space, we worked in thE, representation,

where the fermion mass operator is diagonal in momentum

Comparing the solutions Eq&b2)—(55) for the WT iden- coordinates.

tity with the solutions found by Leung, Ng, and Arkl¢y]

SR Our approach led us to a nonperturbative WT identity
and by Lee, Leung,_ and NgJ, for the SD. equation in the involving the electron mass propagator in the presence of a
Feynman gauge using the same approximation, we see th

t e : )
? . ; agnetic field. To solve the identity we used the structure of

they are consistent with each other. The SD solutions oﬁ . : .

these paperE7. 8] can be summarized by he mass propagator rspace in the presence of a magnetic

field. The mass operator in momentum space was found by

Z=ZH=ZL=0, (56) considering all the independentmatrix-based scalars that
o _ could be formed out op, F,,, and the elements of the
m(p,F)=m(r,F)~m. (57) [r)1irac Clifford algebra, which satisfy the symmetries of the
theory.
The other coefficients were assumed to be zero: For lowest-Landau-level fermions, we found an explicit
— — solution of the ladder WT identity. The LLL case is specially
S(p,F)=$(r,F)=0, (58 important, since according to recent results in the problem of
— — MCSB [6,8] it is precisely the LLL contribution that deter-
A(p,F)=A(r,F)=0, (59) mines the appearance of a fermion mass in ladder QED with

: , . constant magnetic field. Since the solution of the SD equa-

which, although not the most general solution, is, however hat led to th ; hiral .

compatible with Eqs(54) and (55) th_nt at led to the existence of a chira mass is in agreement
; with our general solution for the WT identity within the

We conclude in this way that the chiral symmetry break- L . .
ing, found in ladder QED through the SD approach in theSame approximation, we have effectively established that the

LLL limit in the Feynman gauge, is consistent with the cor- iygargﬁaéﬁzgsiizzwgiﬁ breaking due to a magnetic field

responding WT identity. Therefore, the chiral symmetry gaug '

breaking obtained by Gusynin, Miransky, and Shovkfaly

and by Leung and co-workefg,8] is not an artifact of the

approximation used, but a gauge-independent result. It is a pleasure to thank Dr. D. Caldi, Dr. P. McGraw, and
Magnetic-field-induced chiral symmetry breaking hasDr. Y. J. Ng for useful discussions. This work has been sup-

been also found in non-Abelian models. To prove the gaugeorted by NSF grant PHY-9722059.

ACKNOWLEDGMENTS

[1] T. Vachaspati, Phys. Lett. B65 258 (1991); K. Enquist and [2] A. Brandenburg, K. Engvist, and P. Olesen, Phys. Re®4D

P. Olesenjbid. 319 178(1993; B. Cheng and A. V. Olinto, 1291 (1996; Phys. Lett. B392 395 (1997; K. Engquvist,
Phys. Rev. D60, 2421(1994; G. Baym, D. Baleker, and L. astro-ph/9707300.

McLerran,ibid. 53, 662(1996); P. Olesen, NATO ASI Series  [3] G. Sigl, A. Olinto, and K. Jedamzik, Phys. Rev. 35, 4582
B: Physics, Vol. 36GPlenum, New York, 1998pp. 159-170 (1997; M. Joyce and M. Shaposhnikov, Phys. Rev. L&8,
hep-ph/9708320. 1193(1997; M. Giovannini and M. Shaposhnikov, Phys. Rev.

065008-7



EFRAIN J. FERRER AND VIVIAN de la INCERA

D 57, 2186 (1998; O. Tarnkvist, ibid. (to be publishey
hep-ph/9707513; M. Hindmarsh and A.
astro-ph/9708004; D. Grasso and A. Riotto, Phys. Le#1B,
258 (1998; J. Ahonen and K. Enquist, Phys. Rev.33, 664

(1998. This list does not pretend to be complete. We have

Everett,

PHYSICAL REVIEW b8 065008

and the Pauli Problem,” Proceedings of the 15th Advanced
ICFA Beam Dynamics Workshop on Quantum Aspects of
Beam Physics, Monterey, California, 1998, hep-th/9803074.

[15] I. A. Shovkovy and V. M. Turkowski, Phys. Lett. B67, 213
(1996.

selected only those papers that for different reasons were Pa[16] D. Ebert and V. Ch. Zhulovsky, Mod. Phys. Lett. 1®, 2567

ticularly interesting for us.

[4] Ya. B. Zeldovich, A. A. Ruzmaikin, and D. D. Solokoffjag-
netic Fields in Astrophysic€Gordon and Breach, New York,
1983; E. N. Parker,Cosmological Magnetic Field§Claren-
don, Oxford, 19789

[5] D. G. Caldi and S. Vafaeisefat, Phys. Lett2B7, 185(1992;
356, 386(1995.

[6] V. P. Gusynin, V. A. Miransky, and |. A. Shovkovy, Phys.
Rev. D52, 4747(1999; Nucl. Phys.B462 249(1996; Phys.
Lett. B 349 477(1999; Phys. Rev. Lett73, 3499(1994).

[7] C. N. Leung, Y. J. Ng, and A. W. Ackley, Phys. Rev. 93,
4181(1996.

[8] D.-S. Lee, C. N. Leung, and Y. J. Ng, Phys. Rev58 6504
(1997.

[9] D.-S. Lee, C. N. Leung, and Y. J. Ng, Phys. Rev5D 5224
(1998.

[10] D. K. Hong, Y. Kim, and S-J. Sin, Phys. Rev. B4, 7879
(1996.

[11] D. K. Hong, Phys. Rev. 37, 3759(1998.

[12] I. A. Shushpanov and A. V. Smilga, Phys. Lett.482 351
(1997.

[13] V. P. Gusynin and I. A. Shovkovy, Phys. Rev. 85, 5251
(1999.

[14] Y. J. Ng, “Magnetic Catalysis of Chiral Symmetry Breaking

(1997.

[17] 3. Ambjan and P. Olesen, hep-ph/9304220.

[18] E. J. Ferrer and V. de la Incera, “Yukawa interactions and
dynamical generation of mass in an external magnetic field,”
Proceedings of the 2nd Latin American Symposium on High-
Energy Physics, San Juan, Puerto Rico, 1998, hep-th/9805103.

[19] V. A. Miransky, Dynamical Symmetry Breaking in Quantum
Field Theories(World Scientific, Singapore, 1993

[20] R. Fukuda and T. Kugo, Nucl. PhyB117, 250(1976; P. I.
Fomin, V. P. Gusynin, and V. A. Miransky, Phys. Lef8B,
136(1976; V. A. Miransky and P. |. Fominibid. 105B, 387
(1982.

[21] L. D. Landau and I. M. Khalatnikov, Sov. Phys. JE2P69
(1956; G. 't Hooft and M. Veltman, Nucl. PhysB50, 318
(1972.

[22] V. I. Ritus, Ann. Phys(N.Y.) 69, 555(1972.

[23] V. I. Ritus, inlssues in Intense-Field Quantum Electrodynam-
ics, edited by V. L. Ginzburg(Nova Science, Commack,
1987.

[24] E. J. Ferrer and H. Perez-Rojas, Cienc. Tecn. Fisicas Mat.
63 (19849.

[25] Handbook of Mathematical Functionsedited by M.
Abramowitz and I. A. SteguDover, New York, 196h

065008-8



