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Ward-Takahashi identity with an external field in ladder QED
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~Received 3 April 1998; published 11 August 1998!

We derive the Ward-Takahashi identity obeyed by the fermion-antifermion-gauge boson vertex in ladder
QED in the presence of a constant magnetic field. The general structure in momentum space of the fermion
mass operator with an external electromagnetic field is discussed. Using it we find solutions of the ladder WT
identity with a magnetic field. The consistency of our results with the solutions of the corresponding
Schwinger-Dyson equation ensures the gauge invariance of the magnetic-field-induced chiral symmetry break-
ing recently found in ladder QED.@S0556-2821~98!04116-2#

PACS number~s!: 12.20.Ds, 11.30.Rd
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I. INTRODUCTION

Recently, the problem of finding a mechanism to gener
galactic magnetic fields has undergone a boost of atten
@1–3#. The interest has been motivated by the experime
observation in our own, as well as in other galaxies, of m
netic fields of about 1026 G on scales of the order of 10
kpc. The connection between the direction of the obser
galactic magnetic fields and the rotation axis of the gala
suggests that they have been produced by a dynamo effe
which a small seed magnetic field is amplified by the turb
lent motion of matter during galaxy formation@4#. This fact
leads to the problem of the generation of seed primor
fields, which has been addressed in many papers@1–3#,
where a large number of different generating mechanis
have been proposed.

Parallel to these investigations, and perhaps partially m
tivated by them, several fundamental studies on the eff
produced by magnetic fields in quantum field theories@5–16#
have been recently carried out. We would like to refer to
particularly interesting effect of a magnetic backgroun
known as the catalysis of chiral symmetry breaking due t
magnetic ~chromomagnetic, hypermagnetic! field. The es-
sence of this effect lies in the dimensional reduction in
dynamics of fermion pairing in the presence of a magne
field @6#. Because of such a dimensional reduction, the m
netic field catalyzes the generation of a fermion conden
and, consequently, of a dynamical fermion mass, even in
weakest attractive interaction between fermions.

An important aspect of magnetic-field-induced chi
symmetry breaking~MCSB! is related to its possible cosmo
logical consequences. It has been speculated@6# that the
character of electroweak phase transitions could be affe
by MCSB. The existence of a broken chiral symmetry ph
due to a magnetic field in the early universe would requ
the presence of very large primordial magnetic fields at th
stages.

As mentioned above, the existence of primordial magn
fields in the early universe cannot be disregarded, but on
contrary, it seems to be needed to explain the observed la
scale galactic magnetic fields. Several primordial-fie
generating mechanisms predict fields as large as 1024 G dur-
ing the electroweak phase transitions. Moreover, Ambj”rn
and Olesen@17# have claimed that seed fields even larg
;1033 G, would be necessary at the electroweak phase t
0556-2821/98/58~6!/065008~8!/$15.00 58 0650
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sition to explain the observed galactic fields. Notwithstan
ing the possible existence of such large seed fields, it
been argued@8,13# that they are too small to make MCSB a
important effect during the electroweak phase transiti
This conclusion was drawn from the study of MCSB in QE
at finite temperature. Nevertheless, in recent calculation
the catalysis of chiral symmetry breaking in an Abeli
gauge model with Yukawa terms~which is a model with
many of the attributes of the fermion sector of the ele
troweak theory!, it has been found@18# that the critical mag-
netic field, required for this effect to be important at th
electroweak scale, can be substantially decreased b
Yukawa coupling of the order of the one corresponding
the top quark. From our point of view, these results indic
that the problem of the influence of MCSB in the ele
troweak transition is still open and deserves more invest
tion.

The catalysis of chiral symmetry breaking by a magne
field has been found in a variety of theories such as Nam
Jona-Lasinio @6,10,15#, QED @6–11#, and QCD @12,16#.
These studies have been done using a Bethe-Salpeter~BS!
@6# or a Schwinger-Dyson~SD! approach@7–9#, at zero@6,7#
and at finite@8,13# temperature, as well as in QED at finit
density@9# ~i.e., in the presence of a chemical potential!. In
all cases the dynamical mass was the result of a nonpe
bative calculation defined by the ladder and/or improved l
der approximations.

We must recall, however, that the so-called ladder or ra
bow approximation is not gauge invariant@19#. One may
wonder, then, whether the magnetic-field-induced ch
mass is for real or just an artifact of the approximation us

Indeed this question is not new. In the absence of a
external field, a similar problem@20# is present in the strong
coupling regime of QED, where the critical coupling for ch
ral symmetry breaking, found by solving the SD~or the
Bethe-Salpeter! equation for the fermion propagator in th
ladder approximation, is gauge dependent@19#. The solution
to this problem was obtained by investigating the Wa
Takahashi~WT! identities in the ladder approximation. A
known, if the WT identities are satisfied by solution of th
SD equations in some approximation in a certain gauge,
can use the gauge transformation law for the Green’s fu
tions @21# to rewrite the SD equations in an arbitrary gaug
The transformation law guarantees that the WT identities
satisfied by solutions of the SD equations in all other gaug
© 1998 The American Physical Society08-1
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although the approximation on which the SD equations
solved may change. As it turns out, the gauge invarianc
the critical coupling found in ladder QED@19# is ensured by
the consistency of the WT identity with the SD solutio
taken in the same ladder approximation in the Landau ga

When a magnetic field is present, one can follow a sim
strategy to prove the gauge invariance of the magnetic-fi
induced chiral mass obtained in ladder QED. This program
far from trivial though. On the one hand, the fermio
Green’s function cannot be diagonalized in momentum co
dinates by a Fourier transform. To diagonalize it, one m
work in the representation of the eigenfunctions of the f
mion mass operator@22,23#. On the other hand, the magnet
field provides the theory with an extra tensorFmn , making
the structure of the fermion mass operator much ric
@22,24#. The new structural terms modify the WT identitie
of the theory, which now involve a larger number of sca
coefficients~the scalar coefficients of the different indepe
dent structures of the mass operator!.

The main goal of the present paper is to establish
gauge invariance of the magnetic-field-induced chiral m
found in ladder QED, taking into account the abov
mentioned features of the theory in the presence of a m
netic field. With this aim, we study the ladder WT identi
for the fermion-antifermion-gauge boson vertex in the pr
ence of a magnetic field. Recalling that the consistency of
WT and SD solutions should be established within the sa
approximation, we solve the ladder WT identity in the lowe
Landau level~LLL !. As shown below, the solutions of th
WT and SD equations are indeed compatible in the Feynm
gauge within this approximation.

The plan of the paper is the following. In Sec. I, we deri
the momentum representation of the WT identity for ladd
QED in a magnetic field. To solve the identity, we need
use the fermion mass propagator, whose structure in
p-space is discussed in Sec. II. The WT solution is fina
found in Sec. III for fermions in the LLL. As we discus
there, it is satisfied by the solution, obtained in Refs.@7,8#, of
the corresponding SD equation within the same approxi
tion. Hence, the gauge invariance of the chiral mass
proved. In Sec. IV we give the conclusions.

II. WARD-TAKAHASHI IDENTITY IN LADDER QED
WITH AN EXTERNAL MAGNETIC FIELD

Let us derive the WT identity in momentum space for t
fermion-antifermion-gauge boson vertex in QED in the pr
ence of a constant magnetic field. In coordinate represe
tion the WT identity looks the same as in the case withou
magnetic field:

]m
z d3G~0!

dC̄~x!dC~y!dAm~z!
5 ied~4!~y2z!

d2G~0!

dC̄~x!dC~y!

2 ied~4!~x2z!
d2G~0!

dC̄~x!dC~y!
,

~1!
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whereG is the generating functional for proper vertices, a
the zero inG means that all average fields, but the magne
field, are set to zero. The existence of the external magn
field is manifested in the modification of the fermion prop
gator as discussed below.

The solutions of Eq.~1! depend on the approximatio
used for the vertex and the inverse propagator. As discus
in the Introduction, we are interested in the study of t
identity ~1! in the same approximation used in Refs.@7,8# to
solve the SD equation for the fermion propagator. Therefo
we need to use the so-called rainbow or ladder approxi
tion, in which the vertex is taken as bare,

d3G~0!

dC̄~x!dC~y!dAm~z!
52ed~4!~x2z!d~4!~y2z!gm ,

~2!

and the fermion inverse propagator is taken as full~denoted
by a bar overS21),

d2G~0!

dC̄~x!dC~y!
5S̄21~x,y!. ~3!

In this nonperturbative approximation the WT identity~1!
becomes

2]z
m@d~4!~x2z!d~4!~y2z!gm#

5 id~4!~y2z!S̄21~x,y!2 id~4!~x2z!S̄21~x,y!.

~4!

We are interested in the momentum representation of
identity. Usually, the transformation to a momentum rep
sentation can be done by Fourier transforming Eq.~1!. In the
presence of an external background field, however, the F
rier transform of the fermion Green’s functions is not dia
onal in p space. Fortunately, in the case of a constant u
form magnetic field H, the fermion propagator, and hence
inverse, can bep-diagonalized by working in the so-calle
Ep representation@23#.

The Ep representation, introduced by Ritus@23# in his
studies of QED with external electromagnetic fields, is ba
on the eigenfunctions of the operator (g•P)2:

~g•P!2cp5 p̄2cp . ~5!

The operator (g•P)2 commutes with the mass operato
Hence, it is convenient to work with the mass operator
pressed in the representation defined by these eigenfunct

In the chiral representation in whichg5 and S35 ig1g2

are diagonal with eigenvalues61, the eigenfunctionscp are
given by

cp5Eps~x!vs5N~n!ei ~p0x01p2x21p3x3!Dn~r!vs , ~6!

wherevs are the proper bispinors ofg5 andS3, Dn(r) are
parabolic cylinder functions @25# with argument r
5A2ueHu(x12p2 /eH) and positive integer index:
8-2
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n5n~k,s![k1
eHs

2ueHu
2

1

2
, n50,1,2, . . . . ~7!

N(n)5(4pueHu)1/4/An! is a normalization factor. Herep
represents the set (p0 ,p2,p3 ,k), which determines the eigen
value p̄252p0

21p3
212ueHuk in Eq. ~5!.

The Ep representation is obtained forming the eigenfun
tion matrices~see Refs.@7,8,23# for details!

Ep~x!5(
s

Eps~x!D~s!, ~8!

where

D~s!5diag~ds1 ,ds21 ,ds1 ,ds21!, s561. ~9!

It is easy to check that theEp functions are orthonormal

E d4xĒp8~x!Ep~x!

5~2p!4d̂ ~4!~p2p8!

[~2p!4dkk8d~p02p08!d~p22p28!d~p32p38!,

~10!

as well as complete:

(
k
E dp0dp2dp3Ep~x!Ēp~y!5~2p!4d~4!~x2y!.

~11!

Here we usedĒp(x)5g0Ep
†g0.

They also satisfy two important relations

g•PEp~x!5Ep~x!g• p̄, ~12!

E d4x8M ~x,x8!Ep~x!5Ep~x!S̃A~ p̄!. ~13!

M (x,x8) is the matrix element of the mass operator in co
dinate representation. Equation~13! is then the eigenvalue
equation for the mass operator, with(̃A( p̄) being the eigen-
value matrix of the mass operator in momentum space.
tice that the eigenvalue matrix(̃A( p̄) is evaluated inp̄
5„p0,0,2sgn(eH)A2ueHukp,p3….

Let us transform Eq.~4! to momentum space. First, no
that in Eq.~4! the fermion inverse propagators do not depe
on z. Therefore, the transformation to momentum coor
nates for the variablez can be done with the usual Fourie
transform. Multiplying Eq.~4! by eiqz and integrating inz
one finds
06500
-

-

o-

d
-

d~4!~x2y!eiqxqmgm5eiqyS̄21~x,y!2eiqxS̄21~x,y!.
~14!

If one now multiplies Eq.~14! by the left by Ēp(x), inte-
grates inx, and then multiplies it by the right byEr(y), and
integrates iny, it takes the form

E d4xeiqxĒp~x!qmgmEr~x!

5E d4xd4y~eiqy2eiqx!Ēp~x!S̄21~x,y!Er~x!. ~15!

Using the properties of theEp functions, the integration
on the left-hand side~LHS! of the identity~15! can be done
@7,8# to obtain

E d4xeiqxĒp~x!qmgmEr~x!

5~2p!4d~3!~r 1q2p!eiq1~r 21p2!/2eHe2q̂'
2 /2

3 (
spsr

1

Anp!nr !
ei sgn~eH!~np2nr !wJnpnr

~ q̂'!DpqmgmD r .

~16!

In Eq. ~16! we used the following notation:

Jnpnr
~ q̂'![ (

m50

min~np ,nr !
np!nr !

m! ~np2m!! ~nr2m!!

3@ i sgn~eH!q̂'#np1nr22m,

d~3!~r 1q2p![d~r 01q02p0!d~r 21q22p2!

3d~r 31q32p3!,

Dp[D~sp!, np[n~kp ,sp!,

D r[D~s r !, nr[n~kr ,s r !, ~17!

along with the dimensionless variables

q̂m[
qmA2ueHu

2eH
, m50,1,2,3, ~18!

and their corresponding polar coordinates

q̂'[Aq̂1
21q̂2

2, w[arctan~ q̂2 /q̂1!. ~19!

Introducing now the function

Fnpnr
~r ,q,p![~2p!4d~3!~r 1q2p!ei q1~r 21p2!/2eHe2q̂'

2 /2

3
1

Anp!nr !
ei sgn~eH!~np2nr !wJnpnr

~ q̂'!, ~20!

it is possible to express Eq.~16! in a more compact way:
8-3
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E d4xeiqxĒp~x!qmgmEr~x!

5 (
spsr

Fnpnr
~r ,q,p!DpgmqmD r . ~21!

One can work in a similar way with the right-hand side
Eq. ~15! in order to express it also in terms of theF function
~20!. With that aim, let us recall that theEp transform@23# of
the inverse fermion propagator satisfies
06500
S̄21~x,y!5(
kp

E dp0dp2dp3Ep~x!@g• p̄1S̃A~ p̄!#Ēp~y!,

~22!

whereS̃A( p̄) is the eigenvalue matrix of the mass opera
introduced in Eq.~13!.

Substituting Eqs.~21! and ~22! back in Eq.~15!, we ob-
tain
(
spsr

Fnpnr
~r ,q,p!DpgmqmD r5E d4xd4y~eiqy2eiqx!Ēp~x!H(

k8
E dp08dp28dp38Ep8~x!@g• p̄81S̃A~ p̄8!#Ēp8~y!J Er~y!.

~23!

There are two different types of integrals in space coordinates on the right-hand side of Eq.~23!. One involves only the
product of twoEp functions, and so it is solved using the orthonormality relation~10!. The other integral is of the form

E d4xeiqxĒp~x!Ep8~x!5~2p!4d~3!~p81q2p!eiq1~p281p2!/2eHe2q̂'
2 /2 (

spsp8

1

Anp!np8!
ei sgn~eH!~np2np8!wJnpnp8

~ q̂'!DpDp8

5 (
spsp8

Fnp8np8
~p8,q,p!DpDp8 . ~24!

Integrating inx andy in Eq. ~23! and using Eqs.~10! and ~24!, we obtain

(
spsr

Fnpnr
~r ,q,p!DpgmqmD r5(

k8
E dp08dp28dp38H ~2p!4d̂ ~4!~p2p8!@g• p̄81S̃A~ p̄8!# (

sp8sr

Fnp9nr
~r ,q,p8!Dp8D r J

2(
k8

E dp08dp28dp38H ~2p!4d̂ ~4!~p82r ! (
spsp8

Fnpnp8
~p8,q,p!DpDp8@g• p̄81S̃A~ p̄8!#J .

~25!

Thanks to the delta functions, the evaluation of the integrals inpi8 and the sum ink8 in the identity~25! is straightforward.
Thus,

(
spsr

Fnpnr
~r ,q,p!DpgmqmD r5 (

spsr

Fnpnr
~r ,q,p!dspsr

$@g• p̄1S̃A~ p̄!#Dp2Dp@g• r̄ 1S̃A~ r̄ !#%, ~26!
ion

the
ld
where we used

D~s!D~s8!5dss8D~s!. ~27!

The matricesD(s) satisfy the commutation relations

Dg i
m5g i

mD with g i
m5~g0,0,0,g3!, ~28!

Dg'
m5g'

m~12D! with g'
m5~0,g1,g2,0!. ~29!

Therefore, the matrix structure on the LHS of Eq.~26! can
be written as

DpgmqmD r5~g'•q'!D r~12dspsr
!1~g

i
•q

i
!D rdspsr

.
~30!
Using the above equations, and recalling that the funct
Fnpnr

contains a tridimensional delta functiond (3)(r 1q

2p), one can eliminate the term proportional tog
i
•q

i
with a

similar term proportional tog
i
•(p

i
2r

i
) on the RHS of Eq.

~26!. Then, the final expression in momentum space of
WT identity in ladder QED with an external magnetic fie
becomes

(
spsr

Fnpnr
~r ,q,p!$~g

'
•q

'
!D r~12dspsr

!

2@g
'
•~ p̄

'
1 r̄

'
!Dp2g

'
• r̄

'
#dspsr

2@S̃A~ p̄!Dp2D rS̃A~ r̄ !#dspsr
%50. ~31!
8-4
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It is evident that Eq.~31! is showing already some cha
acteristic signs of the theory in the presence of a magn
field. For instance, one can notice a separation betw
parallel- and perpendicular-to-the-field variables. It also c
tains extra structures~like those formed by the products ofg
matrices times the matricesD r), which are not present in th
case without an external field. Unless the structure of

mass operator eigenvalue matrixS̃A is specified, we canno
find the solution of this WT identity. In the next section, w

discuss the invariant structure ofS̃A in the presence of a
constant magnetic field.

III. MASS OPERATOR STRUCTURE

The structure of the fermion mass operator can be fo
on very general grounds. Since the mass operator must
g-matrix-based scalar function, it can be represented a
sum of Lorentz contractions between the tensorial structu
that can be formed using the available vectors and tenso
the theory, and the elements of the Clifford algebra gen
ated by the Dirac matrices and their products. The poss
contractions are restricted, however, by the invariances
QED. That is, the mass operator must be invariant un
Lorentz, C, P, and T transformations.

In QED, because the only tensorial structure available
the vector momentumpm , the above requirements lead
the familiar structure

S̃~p!5Zg•p1mI. ~32!

Here Z and m are functions of the magnitude ofp. Their

values depend on the approximation used to calculateS̃.
When a constant external electromagnetic field is pres

in addition to the momentumpm , the theory contains the
field strengthFmn . Then, in the presence of an electroma
netic field, the general structure of the mass operator
comes@22,24#

S̃A~p,F !5 ig•V1mI1smnTmn1 ig
5
gmAm1Rg

5
Fmn* Fmn,

~33!

where, besides the new term with the pseudoscalarFmn* Fmn,
we have now contractions with a vectorVm , a pseudovector
Am , and a tensorTmn , given, respectively, by

Vm5Zpm1Z8e2FmnFnrpr , ~34!

Am5AeFmn* pn, ~35!

Tmn5TeFmn1T8e~pmFnr2pnFmr!pr . ~36!

It can be checked that Eq.~33! satisfies all the required
invariances of the mass operator in QED. It should
pointed out, however, that the second term in Eq.~36! was
not considered in Ref.@22#. This term was introduced for th
first time in Ref.@24#, since the structure it generates wh
contracted withsmn satisfies all the invariance requiremen
and therefore, there is no reason to leave it out of the gen
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structure ofS̃A . Note that the structureig•(Fp) is absent
from Eq. ~33!, since it violates charge conjugation:

Cg0S̃A* ~p,F !g0C215S̃A~p,2F !. ~37!

In Eqs.~33!–~36! the coefficientsZ, Z8, A, T, T8, m, and
R are functions of the magnitudes of the momentum and
external field strength.

For a constant magnetic background field, the last term
Eq. ~33! vanishes. If we assume that the magnetic field
along the three-axis, the only nonzero component ofFmn is
F125H. Then the mass operator~33! can be written as

S̃A~p,F !5 iZ uug•puu1 iZ
'
g•p

'
1mI12eHSS3

1 iAeHS3g•puu , ~38!

where we used the following definitions and equations:

Zuu[Z, ~39!

Z
'
[Z2Z8e2H2, ~40!

S[~T2T8p
'

2!, ~41!

S35s125 ig1g2, ~42!

g5g05S3g3, ~43!

g5g35S3g0. ~44!

It is timely to recall that our goal in this section is to fin
the structure of the eigenvalue matrix of the mass operato

momentum coordinatesS̃A( p̄), as defined in Eq.~13!; so we
can use it later to solve the WT identity~31!. From the dis-
cussion leading to Eq.~38!, it is obvious that the structure o

S̃A( p̄) will be given by Eq.~38! with p substituted byp̄:

S̃A~ p̄!5 iZ uu~ p̄,F !g• p̄uu1 iZ
'
~ p̄,F !g• p̄

'
1m~ p̄,F !I

12eHS~ p̄,F !S31 iA~ p̄,F !eHS3g• p̄uu . ~45!

Note the separation between parallel and perpendic
variables, typical of the theory in the presence of a magn
field. Because of this separation, we have twoZ coefficients,
Zuu andZ

'
, compared to only one in the case with no ma

netic field. Another physically expected new term is the o
related to the spin-field interaction@the fourth term in Eq.
~45!#. The interpretation of the new term with coefficientA is
less transparent. However, as we show below, the ladder
identity requires theA coefficient to be zero, although i
allows a solution on which the spin-field interaction term
present.

IV. SOLUTIONS OF THE LADDER WT IDENTITY
IN AN EXTERNAL MAGNETIC FIELD

To find the solution of the WT identity~31!, we just need
to substitute the mass operator~45! in Eq. ~31!, and then find
8-5
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the values of the coefficients that solve the WT identity.
discussed in the Introduction, we are interested in determ
ing if the solutions of the ladder SD equation for the fermi
propagator@7,8# satisfy the WT identity when this one i
taken in the same approximation.

With that aim, let us express the WT identity in a mo
convenient way, before making explicit use of Eq.~45!.
First, note that the functionFnpnr

(r ,q,p), which appears
multiplying all the terms in the WT identity~31!, contains an

exponential factore2q̂'
2 /2 @see the definition ofFnpnr

, Eq.
~20!#. Notice also that the dimensionless variab

q̂'
2 is related to the perpendicular momentum

the photon and is not linked to the arguments

p̄5„p0,0,2sgn~eH!A2ueHukp,p3…

and

r̄ 5„r 0,0,2sgn~eH!A2ueHukr ,r 3…

of the mass operator in Eq.~31!. For largeq̂' the exponential

function e2q̂'
2 /2 ensures that the identity is always appro
ea
q.

t

06500
s
n-

f

mately satisfied if the mass operator is finite in any region

the argumentsp̄ and r̄ . This last assumption, although rath
restrictive, is in agreement with the results of Hong, Kim
and Sin @10# for the behavior of the mass operator in th
infrared and ultraviolet regions.

For small q̂' , one can approximate@7,8# the function

Jnpnr
(q̂') appearing in the definition ofFnpnr

, Eq. ~20!, as

Jnpnr
~ q̂'!>np!dnpnr

~46!

to obtain

Fnpnr
~r ,q,p!

>~2p!4d~3!~r 1q2p!eiq1~r 21p2!/2eHe2q̂'
2 /2dnpnr

.

~47!

Substituting Eq.~47! in the WT identity ~31!, it can be
written as
(
spsr

dkp1[sgn~eH!/2]sp ,kr1[sgn~eH!/2]sr
~g

'
•q

'
!D r

5 (
spsr

dspsr
dkp1[sgn~eH!/2]sp ,kr1[sgn~eH!/2]sr

$~g
'
•q

'
!D r1g

'
•~ p̄

'
1 r̄

'
!Dp2~g

'
• r̄

'
!1S̃A~ p̄!Dp2D rS̃A~ r̄ !%, ~48!

where we cancelled out the common functions in both sides. If we sum ins r on the RHS of Eq.~48!, and renamesp ass,
we find

(
spsr

dkp1[sgn~eH!/2]sp ,kr1@sgn~eH!/2# sr
~g

'
•q

'
!D r

5(
s

d
kpkr

$~g
'
•q

'
!D~s!1g

'
•~ p̄

'
1 r̄

'
!D~s!2~g

'
• r̄

'
!1S̃A~ p̄!D~s!2D~s!S̃A~ r̄ !%. ~49!

Summing now in alls variables, and using the relationD(1)1D(21)51, it is straightforwardly found that the WT
identity reduces to

~g
'
•q

'
!@dkp ,kr1sgn~eH!D~1!1dkp ,kr2sgn~eH!D~21!#

5d
kpkr

$ iZ uu~ p̄,F !g• p̄uu2 iZ uu~ r̄ ,F !g• r̄ uu1 i @Z
'
~ p̄,F !2Z

'
~ r̄ ,F !#g• p̄

'
1@m~ p̄,F !2m~ r̄ ,F !#I

12eH@S~ p̄,F !2S~ r̄ ,F !#S31 iA~ p̄,F !eHS3g• p̄uu2 iA~ r̄ ,F !eHS3g• r̄ uu% . ~50!
s of
id-
al-

to
In Eq. ~50! we already substituted the mass operators app
ing in Eq.~49! by their explicit expressions according to E

~45!, and used thatp̄
'

5 r̄
'

in all terms multiplied by

d
kpkr

.

The origin of the term on the LHS of Eq.~50! can be
traced to theEp transform of the vertex. We might think tha
r-because of this term there are no self-consistent solution
the ladder WT identity. Fortunately, we have not yet cons
ered all the restrictions of the approximation used in the c
culation of the ladder SD solutions@7,8#. To work in the
same approximation, we need to constrain the fermions
the LLL. This means that we must evaluate Eq.~50! in kp
5kr50.
8-6
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Therefore, for fermions in the LLL, the WT identity i
simply equivalent to

iZ uu~ p̄,F !g• p̄uu1m~ p̄,F !I 12eHS~ p̄,F !S3

1 iA~ p̄,F !eHS3g• p̄uu

5 iZ uu~ r̄ ,F !g• r̄ uu1m~ r̄ ,F !I 12eHS~ r̄ ,F !S3

1 iA~ r̄ ,F !eHS3g• r̄ uu . ~51!

Note that in this approximationZ
'

disappears from the
WT identity. The identity~51! is satisfied if

Zuu~ p̄,F !5Zuu~ r̄ ,F !50, ~52!

m~ p̄,F !5m~ r̄ ,F !, ~53!

S~ p̄,F !5S~ r̄ ,F !, ~54!

A~ p̄,F !5A~ r̄ ,F !50. ~55!

Comparing the solutions Eqs.~52!–~55! for the WT iden-
tity with the solutions found by Leung, Ng, and Arkley@7#
and by Lee, Leung, and Ng@8#, for the SD equation in the
Feynman gauge using the same approximation, we see
they are consistent with each other. The SD solutions
these papers@7,8# can be summarized by

Z5Zuu5Z
'

50, ~56!

m~ p̄,F !5m~ r̄ ,F !'m. ~57!

The other coefficients were assumed to be zero:

S~ p̄,F !5S~ r̄ ,F !50, ~58!

A~ p̄,F !5A~ r̄ ,F !50, ~59!

which, although not the most general solution, is, howev
compatible with Eqs.~54! and ~55!.

We conclude in this way that the chiral symmetry brea
ing, found in ladder QED through the SD approach in t
LLL limit in the Feynman gauge, is consistent with the co
responding WT identity. Therefore, the chiral symme
breaking obtained by Gusynin, Miransky, and Shovkovy@6#,
and by Leung and co-workers@7,8# is not an artifact of the
approximation used, but a gauge-independent result.

Magnetic-field-induced chiral symmetry breaking h
been also found in non-Abelian models. To prove the ga
06500
hat
f

r,

-
e

e

invariance of the magnetic-field-induced chiral mass in
non-Abelian case, one would need to do a similar study
the consistency of the SD solution with the solution of t
correspondent WT identity. However, the WT identity in th
case must be substituted by the Slavnov-Taylor identity
the fermion-antifermion-gluon vertex taken in the same n
perturbative approximation on which the SD equation
solved. The main difficulty in this case is that the Slavno
Taylor identity has not been extended beyond a perturba
analysis.

V. CONCLUSIONS

In this paper we have studied the WT identity for th
fermion-antifermion-gauge boson vertex in massless QED
the presence of a constant magnetic field. The ferm
Green’s functions were considered exact in the external fi
while the quantum effects were calculated within the lad
approximation, i.e., taking the bare vertex and the free p
ton propagator, but the full electron propagator. To find
WT identity in p-space, we worked in theEp representation,
where the fermion mass operator is diagonal in momen
coordinates.

Our approach led us to a nonperturbative WT ident
involving the electron mass propagator in the presence
magnetic field. To solve the identity we used the structure
the mass propagator inp-space in the presence of a magne
field. The mass operator in momentum space was found
considering all the independentg-matrix-based scalars tha
could be formed out ofp, Fmn , and the elements of the
Dirac Clifford algebra, which satisfy the symmetries of th
theory.

For lowest-Landau-level fermions, we found an expli
solution of the ladder WT identity. The LLL case is specia
important, since according to recent results in the problem
MCSB @6,8# it is precisely the LLL contribution that deter
mines the appearance of a fermion mass in ladder QED w
constant magnetic field. Since the solution of the SD eq
tion that led to the existence of a chiral mass is in agreem
with our general solution for the WT identity within th
same approximation, we have effectively established that
dynamical chiral symmetry breaking due to a magnetic fi
is a gauge-invariant result.
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